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An analytical model based on the
G-equation for the response of
technically premixed flames to
perturbations of equivalence ratio

Alp Albayrak and Wolfgang Polifke

Abstract

A model for the response of technically premixed flames to equivalence ratio perturbations is proposed. The formu-

lation, which is an extension of an analytical flame tracking model based on the linearized G-equation, considers the flame

impulse response to a local, impulsive, infinitesimal perturbation that is transported by convection from the flame base

towards the flame surface. It is shown that the contributions of laminar flame speed and heat of reaction to the impulse

response exhibit a local behavior, i.e. the flame responds at the moment when and at the location where the equivalence

ratio perturbation reaches the flame surface. The time lag of this process is related to a convective time scale, which

corresponds to the convective transport of fuel from the base of the flame to the flame surface. On the contrary, the

flame surface area contribution exhibits a non-local behavior: albeit fluctuations of the flame shape are generated locally

due to a distortion of the kinematic balance between flame speed and the flow velocity, the resulting wrinkles in flame

shape are then transported by convection towards the flame tip with the restorative time scale. The impact of radial non-

uniformity in equivalence ratio perturbations on the flame impulse response is demonstrated by comparing the impulse

responses for uniform and parabolic radial profiles. Considerable deviation in the phase of the flame transfer function,

which is important for thermo-acoustic stability, is observed.
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1. Introduction

Lean fuel–air mixtures allow low-emission combustion
processes in a variety of industrial applications.
However, operating under such conditions increases
the chance of thermo-acoustic instabilities. In order to
analyze, predict and control instabilities that result
from flow–flame–acoustic interactions, the dynamic
response of flames to perturbations is an active research
topic. Premixed flames are sensitive to perturbations of
upstream velocity as well as equivalence ratio.1,2 The
present study focuses on the latter response mechanism.

The so-called G-equation—a level set equation that
can be used to describe flame front kinematics3—has
been used in a variety of studies on the response of a
premixed flame to velocity perturbations.4–6 To the
authors’ knowledge, Dowling and Hubbard7 were the

first to propose a model based on the G-equation for
the response to equivalence ratio perturbation. In the
framework of that model, Lieuwen and co-authors8,9

identified three major contributions to perturbations
of flame heat release as heat of reaction, laminar
flame speed, and flame surface area; and provided an
analytical expression for the flame transfer function
(FTF) by solving the linearized G-equation in the fre-
quency domain. An equivalent time-domain formula-
tion, which yields the flame impulse response (IR)

Faculty of Mechanical Engineering, Technical University of Munich,

Garching, Germany

Corresponding author:

Alp Albayrak, Thermo-Fluid Dynamics Group, Technical University of

Munich, Boltzmannstr. 15, D-85748 Garching, Germany.

Email: albayrak@tfd.mw.tum.de

Creative Commons CC BY-NC: This article is distributed under the terms of the Creative Commons Attribution-NonCommercial 4.0 License (http://www.

creativecommons.org/licenses/by-nc/4.0/) which permits non-commercial use, reproduction and distribution of the work without further permission provided the

original work is attributed as specified on the SAGE and Open Access pages (https://us.sagepub.com/en-us/nam/open-access-at-sage).

International Journal of Spray and

Combustion Dynamics

0(0) 1–8

! The Author(s) 2017

Reprints and permissions:

sagepub.co.uk/journalsPermissions.nav

DOI: 10.1177/1756827717740776

journals.sagepub.com/home/scd

https://uk.sagepub.com/en-gb/journals-permissions
https://doi.org/10.1177/1756827717740776
journals.sagepub.com/home/scd
http://crossmark.crossref.org/dialog/?doi=10.1177%2F1756827717740776&domain=pdf&date_stamp=2017-11-22


rather than the frequency response, was proposed by
Albayrak et al.10 This approach explicitly reveals two
global time scales of the flame response, related to the
propagation of the perturbation along the flame sur-
face and the restoration of flame shape. These time
scales were identified previously in the flame response
to velocity fluctuations, as explained in detail by
Blumenthal et al.11

All the models cited in the previous paragraph
assume perturbations of equivalence ratio that are uni-
form across the mixing duct. This is a strong assump-
tion, which will in general not be satisfied in practical
applications with so-called technical premixed flames,a

where fuel–air mixing is not perfect, such that mean as
well as fluctuations of equivalence ratio will exhibit
some non-uniformity. The present study proposes an
extended, time-domain-based analysis of the effect of
perturbations of equivalence ratio on flame heat release
rate, which relaxes this assumption. In particular, the
flame IR to a local, impulsive, infinitesimal perturb-
ation of fuel concentration is derived analytically.
The approach allows to determine the flame response
to any kind of equivalence ratio perturbation profile as
a convolution over the local perturbations. Moreover,
the infinitesimal perturbation gives insight to the flame
response mechanisms: the direct contributions, i.e. the
heat of reaction and laminar flame speed, are local pro-
cesses with a convective time delay, whereas the flame
surface area contribution exhibits a convective nature,
which is triggered locally.

In the next section the derivation of the local IR is
given for a laminar conical Bunsen flame. The IR that
corresponds to an uniform perturbation profile10 is
recovered, which validates the approach. Then, several
perturbation profiles are investigated. It is shown that
the perturbation profile has an impact on the phase of
the FTF.

2. Model

The flame IR model is derived for a laminar, axisym-
metric, conical flame (see Figure 1), which has been
investigated repeatedly with analytical approaches.8–10

It is possible to formulate the model for other flame
shapes, e.g. V- and M-shaped flames, however this is
not explicated in this paper. The flame is subjected to
an impulsive local equivalence ratio perturbation
�0ðt, z, rÞ around infinitesimal vicinity of the radius a.
This is illustrated in Figure 1 with a blue circle. This
reads mathematically

�0aðt, 0, rÞ ¼
��� r� að Þ� tð Þ ð1Þ

where �ðtÞ is the Dirac delta function. Without essential
loss of generality, the axial position of the perturbation

is assumed to be located in the flame base z¼ 0. The
corresponding IR in heat release rate haðtÞ is defined
implicitly by the relation

q0a tð Þ

�q
¼

Z 1
�1

haðt� �Þ
�0a t, 0, rð Þ

��
d� ð2Þ

where q is the global heat release rate integrated over
the whole flame.

2.1 Governing equations

To pursue analytical expressions the flow velocities are
assumed to be uniform. The flame front kinematics is
described by the level set method G-equation

@G

@t
þ u � rG ¼ sLjrGj ð3Þ

where sL stands for the laminar flame speed.
The global heat release rate can be computed as

q ¼

Z
f

�sL�HdA ð4Þ

where � is density, �H is heat of reaction, and A is
the flame surface area. The integral interval denoted
by subscript ‘‘f’’ indicates that the integral is
evaluated over the flame surface area. The flame surface
area reads

A ¼

Z R

0

2�r

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ

@�

@r

� �2
s

dr ð5Þ

Figure 1. Illustration of the flame configuration. The mean and

perturbed flame front are shown by black and red lines,

respectively. Blue surface indicates the mean uniform equivalence

ratio. The circle with radius a indicates infinitesimal hollow

equivalence ratio perturbation. �c and �r indicate local time scales

for propagation of the perturbation and restoration, respectively.
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The transport of mixture inhomogeneities can be
modeled by the advection equation for the equivalence
ratio. This mathematically reads

@�

@t
þ u � r� ¼ 0 ð6Þ

2.2 Modeled equations

Assuming small amplitude fluctuations, all equations
described above are linearized. �ð�Þ and ð�Þ0 indicate
mean and fluctuating quantities, respectively. No vel-
ocity fluctuations are allowed, u0 ¼ 0. It is assumed that
the flame is surjective, i.e. G t, z, rð Þ ¼ z� � t, rð Þ. The
linearized �-equation reads

@�0

@t
þ cr

@�0

@r
¼ �s0L

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
@ ��

@r

� �2

þ1

s
ð7Þ

where cr is the propagation speed in the radial direc-
tion of the flame restoration process (see Blumenthal
et al.11)

cr ¼ ur þ
�sL
@ ��

@rffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
@ ��

@r

� �2

þ1

s ð8Þ

The normalized and linearized heat release rate fluctu-
ations q0= �q read

q0 tð Þ

�q
¼

Z
f

�H0

� �H

dA

�A
þ

Z
f

s0L
�sL

dA

�A
þ
A0

�A
ð9Þ

where the density perturbations �0 due to the equiva-
lence ratio perturbations are assumed to be negligible.
The impulsive perturbation simplifies the convolution
integral in equation (2) and the IR can be explicitly
defined as

ha tð Þ �
q0a tð Þ

�q
¼ h�H þ hsL þ hA ð10Þ

where three major contributions according to equation
(9) are identified as heat of reaction h�H, laminar flame
speed hsL and flame surface area hA.

To calculate h�H and hsL the fluctuating quantities,
i.e. �H0 and s0L, should be modeled. This is done by
first-order Taylor series expansion

�H0 ¼ S�H
� �H

��
�0 ð11aÞ

s0L ¼ SsL

�sL
��
�0 ð11bÞ

where S�H and SsL are defined as the respective sensi-
tivities of the heat of reaction and the laminar flame
speed to change in equivalence ratio

S�H �
d�H

d�

����
�¼ ��

��

� �H
ð12aÞ

SsL �
dsL
d�

����
�¼ ��

��

�sL
ð12bÞ

Following Abu-Off and Cant,12 for a lean premixed
methane air flame, the heat of reaction, and laminar
flame speed are expressed as a function of equivalence
ratio

sL ¼ A�Be�C ��Dð Þ
2

ð13Þ

�H ¼
2:9125 � 106 minð1,�Þ

1þ 0:05825�
ð14Þ

where A¼ 0.6079, B ¼ �2:554, C¼ 7.31, and D¼ 1.23.
The flame surface area contribution hA is calculated by
the linearized flame surface area

A0

�A
¼

Z R

0

2�r

@ ��

@r

@�0

@rffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
@ ��

@r

� �2

þ1

s dr

Z R

0

2�r

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ

@ ��

@r

� �2
s

dr

ð15Þ

The equivalence ratio perturbation �0 t, z, rð Þ is mod-
eled by linearized advection equation

@�0

@t
þ uz

@�0

@z
¼ 0 ð16Þ

3. Response of a conical flame

For a conical flame, the steady flame shape is expressed
as

�� rð Þ ¼ R� rð Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
uz
�sL

� �2

�1

s
ð17Þ

and the flame restoration speed simplifies to

cr ¼ ��sL

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1�

�sL
uz

� �2
s

ð18Þ
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The solution of the �0 transport equation (16) with
the boundary condition (1) reads

�0a t, z, rð Þ ¼ ��� r� að Þ� t�
z

uz

� �
ð19Þ

Using equations (17), (18), and (19), the contribu-
tions to the IR can be expressed in closed forms.
The following subsections provide the derivations for
the heat of reaction and flame surface area contribu-
tions. The contribution of the laminar flame speed is
analogous to that of the heat of reaction and therefore
not discussed explicitly. Note that the derivations are
valid for any equivalence ratio. For convenience, this
paper presents only the results for lean flames with
�5 1 and S�H 4 0.

3.1 Heat of reaction contribution

The flame IR contribution of the heat of reaction is
calculated by substituting the perturbation profile
defined in equation (19) into equation (10)

h�Hða, tÞ ¼ 2S�H
a

R2
� t� �cð Þ ð20Þ

where �c is the time scale related to the propagation of
the equivalence ratio perturbation from the base to the
flame surface which reads

�c að Þ ¼
�� að Þ

uz
ð21Þ

In Figure 1, the time scale �c is indicated as the dashed
line, on which the equivalence ratio perturbation
propagates. The IR is plotted in the left column of
Figure 2 for five perturbation locations, i.e.
a ¼ R� ½0, 0:25, 0:5, 0:75, 1�. The IR is a local process.
A positive impulsive response in heat release is
observed at the instant when the perturbation reaches
the flame surface. For a¼R, the delay in the response is
�c ¼ 0, since the perturbation acts immediately on the
flame surface. The delay in the response increases as the
location of the perturbation gets closer to the center.
At the same time, the strength of the IR decreases. This
is explained by the perimeter of the flame, which
decreases with the radius. For the perturbation close
to the center, the perturbation acts on a smaller perim-
eter and generates a weaker modulation of the overall
heat release rate.
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Figure 2. Heat of reaction (left) and flame surface area (right) contributions to the impulse response. From top to bottom, impulse

responses with different perturbation locations are shown, respectively a ¼ R� ½1,0:75,0:5,0:25,0�. Last row is the uniform impulse

responses.
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For validation purposes, the IR for a uniform
equivalence ratio perturbation is obtained by integrat-
ing the local source over the radius, mathematically

h
R
�H tð Þ ¼

Z R

0

h�H a, tð Þda ð22Þ

The final expression reads

h
R
�H tð Þ ¼

2S�H

T2
c

Tc � tð Þ H tð Þ �H t� Tcð Þ½ � ð23Þ

where Tc ¼ �cð0Þ is the convective time scale of the per-
turbation at the center. The detailed derivation is given
in Appendix 1. This expression is the same as the one
derived by Albayrak et al.10 The IR is plotted in last
row on left column of Figure 2.

The same derivation also applies for the laminar
flame speed contribution. Substituting �H with sL in
the equations in this subsection yields the IR for flame
speed contribution.

3.2 Flame surface area contribution

First, the solution of equivalence ratio perturbation
(equation (19)) is inserted to the linearized laminar
flame speed (equation (11)). The resulting expression
is then used as the right hand side term that is the
source term for linearized �-equation (equation 7).
The corresponding solution of the linearized �-equation
reads

�0a t, rð Þ ¼ SsL

uz
cr

Hðr� aÞ � 1½ �� t� �c � �r þ
r

cr

� �
ð24Þ

where HðtÞ �
n
0, t5 0
1, t � 0

is the Heaviside step function,

which is equal to the integral of the Dirac delta function

HðtÞ ¼

Z t

�1

�ðt0Þ dt0 ð25Þ

�r is the time scale of the restoration process and reads

�r að Þ ¼
a

cr
ð26Þ

The time scale is illustrated in Figure 1 by the dashed
line from the perturbed flame to the tip of the flame.

The flame surface area contribution defined in equa-
tion (10) is calculated via equation (15) and reads

hAða, tÞ ¼ �2SsL

cr
R2

H t� �cð Þ �H t� �c � �rð Þ½ � ð27Þ

In right column of Figure 2, the IR contribution is
plotted for different perturbation locations, i.e. a ¼ R�
½0, 0:25, 0:5, 0:75, 1�. Contrary to the flame speed and
heat of reaction contributions, the area contribution
is not a local process. The contribution starts when
the perturbation reaches with the flame, which is related
with the convective time scale �c. Change in the laminar
flame speed occurs at the location of contact and results
in flame displacement. Assuming a lean premixed flame
with positive equivalence ratio perturbation indicates
that the flame displacement is in upstream direction
and thus causes a negative response. This is shown in
Figure 2. A negative response is generated at the time
�c. Then, the perturbed flame is transported towards
flame tip, which occurs with the restorative time scale
�r. The IR contribution vanishes once the perturbed
flame reaches the flame tip.

For validation purposes, the IR for uniform equiva-
lence ratio perturbation is obtained by integrating the
local source over the whole radius. Mathematically

h
R
A tð Þ ¼

Z R

0

hA a, tð Þda ð28Þ

The final expression reads

h
R
A tð Þ ¼ �

2SsL

Tc Tr � Tcð Þ

�
Tc

Tr
R t� Trð Þ � R tð Þ
� �

� R t� Tcð Þ � R tð Þ
� �� 	 ð29Þ

where Tr ¼ �rðRÞ is the global restorative time scale and
RðtÞ � maxðt, 0Þ is the ramp function, which is equal to
the integral of the Heaviside function

RðtÞ ¼

Z t

�1

Hðt0Þ dt0 ð30Þ

The IR is shown in last row of the right column of
Figure 2. Again, this expression agrees with the results
of Albayrak et al.10

4. Comparison of perturbation types

A generic description of the equivalence ratio perturb-
ations can be defined as a boundary condition

�0a t, 0, rð Þ ¼ Cf að Þ ��� tð Þ ð31Þ

The overall IR contribution h
R
can be calculated from

the local source IR ha as

h
R
tð Þ ¼

Z R

0

Cf að Þha tð Þda ð32Þ
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where Cf stands for the form factor, which is Cf¼ 1 for
the uniform perturbation.

For illustration purposes, an uniform perturbation
profile is compared against parabolic profiles. Possible
configurations are illustrated as sketch in Figure 3.
In the left part of the figure, the choked fuel injection
at the center with a co-flow air supply is shown.
Flow perturbations in the air supply cause equivalence
ratio fluctuations. The magnitude of the equivalence
ratio perturbations is higher closer to the side walls,
since the choked fuel flow prevents the penetration to
the center region. In the right part of the figure, the
reversed configuration is shown, i.e. the choked fuel
injection is supplied through side walls. In this config-
uration, penetration to the side walls is prevented. This
yields an equivalence ratio perturbation with higher
magnitude in the center.

The form factors Cc
f and Cs

f indicate the case with
center fuel injection and the side fuel injection, respect-
ively. Perturbation strengths are kept constant as the
uniform profile, i.e.

R R
0 aCfda ¼

R R
0 ada. The form fac-

tors are approximated by parabolic functions

Cc
f ¼ 2

a2

R2
ð33Þ

Cs
f ¼ 2 1�

a

R


 �
1þ

a

R


 �
ð34Þ

The profiles are shown in Figure 4. The burner radius
is R¼ 1mm, the axial flow velocity is uz¼ 1m/s and the
mean equivalence ratio is �� ¼ 0:8. Corresponding lam-
inar flame speed is �sL ¼ 0:278 m/s. The global convective
time of perturbation is Tc ¼ 3:45 ms and the global res-
toration time scale is Tr ¼ 3:74 ms.

The IRs are shown in Figure 5. The solid line indi-
cates the uniform perturbation profile, which also cor-
responds to the model derived by Albayrak et al.10 The

dashed and dotted lines correspond to the fuel injection
from side walls and the center, respectively. The global
time scales, i.e. Tc and Tr, are the same for all perturb-
ations profiles. However, initial response of the side fuel
injection is less steep than the uniform profile because
the perturbations close to the walls are weak. The posi-
tive response region of the parabolic profile is longer.
This can be explained by the stronger positive contri-
butions at the center, i.e. the flame speed and heat of
reaction contributions, because the equivalence ratio
perturbation is higher around the center. This is fol-
lowed by a narrower but a stronger negative response,
which is mainly caused by the flame surface area
contribution.

The response of the center fuel injection case is
stronger at the beginning compared to the uniform pro-
file due to the large amplitude perturbation close to the
walls. However, the positive response region is shorter
and followed by a longer and weaker negative response.
This is explained by the weak equivalence ratio perturb-
ation close to the center.

The corresponding FTFs are calculated as the
Fourier Transform of the IRs. For the case of the uni-
form perturbation profile, the corresponding results
previously derived by Shreekrishna et al.9 are recovered

Figure 3. Sketches of two possible fuel injector configurations

for technically premixed flames. Left: the fuel injection at the

center and air supply as co-flow. Right: fuel supply from side

walls. The blue color represents the equivalence ratio perturb-

ations �0. On top, �0 is plotted against the radius.

Figure 5. Overall impulse responses for uniform (——), para-

bolic with side wall fuel injection (- - -), and with center fuel

injection (�����) equivalence ratio perturbations.

Figure 4. Different radial profiles for equivalence ratio per-

turbations. (——) is uniform profile, (- - -) is parabolic profile

with side wall fuel injection, and (�����) is with center fuel injection.
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exactly. Results are shown in Figure 6. The gain for the
case with the side fuel injection is slightly stronger than
the other profiles. Considerable deviation is observed in
phase for the case with the center fuel injection.

5. Conclusion

The linear response of a technically premixed flame to
perturbations of equivalence ratio is investigated using
a level set method (‘‘G-equation’’). In particular, the
time-domain-based, analytical model proposed by
Albayrak et al.10 is extended to account for local modu-
lations of fuel concentration, which are likely to result
from imperfect fuel–air premixing in technical applica-
tions. Three major contributions to the fluctuations in
heat release rate—related to modulation of heat of
reaction, laminar flame speed, and flame surface area,
respectively8—are analyzed for the case of a local per-
turbation. It is demonstrated that the heat of reaction
and laminar flame speed contributions are local pro-
cesses in the sense that the flame response is activated
once the perturbation reaches the flame. Therefore,
they are characterized by a local convective time scale
�c, which is the time for the local perturbation to travel
from the flame base to the flame surface. The third
contribution, related to flame surface area, is an indir-
ect mechanism caused by the modulation of the laminar
flame speed, which locally induces a wrinkle in the
flame shape that propagates towards the flame tip.
This process is related to the restoration time scale �r
identified by Blumenthal et al.11 Thus, the flame surface
area affects the heat release rate during a time interval
from �c to �r.

For validation purposes, the IR to a perturbation
with uniform profile, which was already studied by
Albayrak et al.10 and Cho and Lieuwen,8 is recovered
with the method proposed in this paper. Moreover, the
method is applied in an exemplary manner to two

parabolic perturbation profiles, which can be regarded
as a technically premixed case with fuel injection from
the center and side walls, respectively. It is shown that
the flame response, particularly the phase of the FTF,
can be altered significantly by the non-uniformity of
equivalence ratio perturbations.

The local flame IR is a simple yet powerful concept,
which allows to determine the response to arbitrary
profiles of equivalence ratio perturbations as an inte-
gral over local perturbations. Closed form analytical
solutions for the flame impulse can be found if mean
equivalence ratio and mean flow velocities are assumed
to be uniform, as was the case in the present study.
More complicated configurations can be calculated
numerically, however the underlying physics is the
same. Including the generation and propagation of
local equivalence ratio fluctuations in more realistic
flow configurations can be an interesting future work.
The impact of the local convective time scales on the
flame response can be analyzed.

In this work, the time domain approach is preferred
over the frequency domain approach, although they
contain the same information. This is justified by the
convective processes, which can be interpreted from a
time domain approach. The local response can be also
derived in the frequency domain as the FTF, which can
be extended for the case the weakly non-linear
response.
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Appendix 1

The derivation of the heat of reaction contribution to
the impulse response for the uniform perturbation

h
R
�H tð Þ (equation (23)) is demonstrated starting from

the local heat of reaction contribution h�Hða, tÞ (equa-
tion (20)).

Substituting equation (20) in the integral in equation
(22) yields

h
R
�H tð Þ ¼

2S�H

R2

Z R

0

a� t� �cð Þda ð35Þ

where �c ¼ Tcð1� a=RÞ is valid for a conical flame. The
change of variables b ¼ t� Tcð1� a=RÞ yields

h
R
�H tð Þ ¼

2S�H

T2
c

Z t

t��c

b� bð Þdbþ Tc � tð Þ

Z t

t��c

� bð Þdb

� 	
ð36Þ

The first integral is zero. The second integral is eval-
uated by using the fact that the Heaviside step function
is the anti-derivative of the Dirac delta function.
The result reads

h
R
�H tð Þ ¼

2S�H

T2
c

Tc � tð Þ H tð Þ �H t� Tcð Þ½ � ð37Þ

Now, we derive the same for the parabolic profile
that corresponds to the center fuel injection case.
Substituting the form factor Cf ¼ 2a2=R2 into equation
(32), the integral term reads

h
R
�H tð Þ ¼

2S�H

R4

Z R

0

a3� t� �cð Þda ð38Þ

Again, we perform the change of variables
b ¼ t� Tcð1� a=RÞ. The resulting integral reads

h
R
�H tð Þ ¼

2S�H

T4
c

Z t

t��c

b� tþ Tcð Þ
3� bð Þdb ð39Þ

Since all integrals
R
bn�ðbÞdb with n 2 N1, the only

the integral with n¼ 0 remains

h
R
�H tð Þ ¼

2S�H

T4
c

Tc � tð Þ
3

Z t

t��c

� bð Þdb ð40Þ

This integral is calculated as

h
R
�H tð Þ ¼

2S�H

T 4
c

Tc � tð Þ
3 H tð Þ �H t� Tcð Þ½ � ð41Þ

The flame surface area contribution is calculated in
an analogous manner.
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